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Peanove axiómy Sčitovanie Násobenie

Peanove axiómy

Defińıcia

Nech N je množina, 0 je nejaký prvok N a S je zobrazenie
definované na N. Hovoŕıme, že trojica (N, 0, S) sṕlňa Peanove
axiómy, ak plat́ı:

(P1) 0 ∈ N;

(P2) Ak n ∈ N, tak aj S(n) ∈ N.

(P3) Ak n ∈ N, tak S(n) 6= 0.

(P4) Ak m, n ∈ N a S(m) = S(n), tak m = n.

(P5) Ak A ⊆ N je podmnožina množiny N taká, že 0 ∈ A a pre
každé n ∈ A aj S(n) ∈ A, tak A = N.
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Peanove axiómy

Tvrdenie
Nech (N, 0, S) spĺňa Peanove axiómy. Potom pre každé a ∈ N
nastane práve jedna z možnost́ı a = 0 alebo a = S(n) pre nejaké
n ∈ N.

Tvrdenie
Nech (N, 0, S) spĺňa Peanove axiómy a X je l’ubovol’ná množina.
Nech b ∈ X a nech g : N × X → X je funkcia. Potom existuje
práve jedna funkcia f : N → X taká, že f (0) = b a pre každé
n ∈ N plat́ı f (S(n)) = g(n, f (n)).
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Defińıcia sčitovania

Tvrdenie
Nech (N, 0, S) spĺňa Peanove axiómy. Potom existuje práve jedna
binárna operácia + na N taká, že pre l’ubovol’né a, n ∈ N plat́ı

(A1) a + 0 = a;

(A2) a + S(n) = S(a + n).
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Komutat́ıvnost’ sčitovania

Tvrdenie

0 + a = a (K1)

S(0) + a = S(a) (K2)

a + S(b) = S(a) + b (K3)

a + b = b + a (K)
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Vlastnosti sčitovania

Tvrdenie

(a + b) + c = a + (b + c) (A)

b + a = c + a⇒ b = c (C)

Lema

a + b = 0 ⇒ a = 0 ∧ b = 0
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Defińıcia nerovnosti

Defińıcia

a ≤ b ⇔ (∃c ∈ N)b = a + c . (I)
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Vlastnosti nerovnosti

a ≤ a (IR)

a ≤ b ∧ b ≤ a⇒ a = b (IA)

a ≤ b ∧ b ≤ c ⇒ a ≤ c (IT)

0 ≤ a (1)

a ≤ 0⇒ a = 0 (2)

a ≤ S(a) (3)

a ≤ b ⇔ S(a) ≤ S(b) (4)

a ≤ S(b)⇒ a ≤ b ∨ a = S(b) (5)

a ≤ b ∨ S(b) ≤ a (6)

a ≤ b ∨ b ≤ a (IL)
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Vlastnosti nerovnosti

Dôsledok
Množina (N,≤) je lineárne usporiadaná množina.

Tvrdenie
Množina (N,≤) je dobre usporiadaná.

a ≤ b ⇔ c + a ≤ c + b (M)

a < b ⇔ c + a < c + b (M’)
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Vlastnosti nerovnosti

Dôsledok

a1 ≤ a2 ∧ b1 ≤ b2 ⇒ a1 + b1 ≤ a2 + b2.

Dôsledok

a1 < a2 ∧ b1 ≤ b2 ⇒ a1 + b1 < a2 + b2.
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Defińıcia násobenia

Tvrdenie
Nech (N, 0, S) spĺňa Peanove axiómy. Potom existuje práve jedna
binárna operácia · na N taká, že pre l’ubovol’né a, b ∈ N plat́ı

(M1) a · 0 = 0;

(M2) a · S(b) = a · b + a.
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Komutat́ıvnost’ a asociat́ıvnost’

Tvrdenie
(i) a · S(0) = a

(ii) 0 · a = 0

(iii) S(b) · a = b · a + a

(iv) a · b = b · a

Tvrdenie

a · (b + c) = a · b + a · c (D)

a · (b · c) = (a · b) · c (MA)
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Násobenie a nerovnost’

Tvrdenie

a ≤ b ⇒ c · a ≤ c · b (7)

Tvrdenie

c 6= 0 ∧ a · c = b · c ⇒ a = b (8)

c 6= 0 ∧ a < b ⇒ c · a < c · b (9)

c 6= 0 ∧ c · a < c · b ⇒ a < b (10)

c 6= 0 ∧ c · a ≤ c · b ⇒ a ≤ b (11)


	Peanove axiómy
	Peanove axiómy

	Scitovanie
	Scitovanie
	Nerovnost
	Definícia nerovnosti
	Vlastnosti nerovnosti

	Násobenie
	Definícia násobenia
	Vlastnosti násobenia
	Násobenie a nerovnost


