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Ortonormalna baza

Definicia
Vektory a1, ...,d, sa nazyvaju ortonormalne, ak pre vietky i plati
|@i| =1 a pre i # j plati

Definicia
Ak vektory ay,...,d, sa ortonormalne a tvoria bazu vektorového
priestoru V, tak tito bazu nazyvame ortonormalna baza.

Priklad: standardna baza ey, ..., €, v priestore R" so standardnym
skalarnym sacinom
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Ortonormalna baza

n n
<O_27 > = <C1&1+‘ : '+Cn0_2n7 d1&1+‘ : '+dn0_2n> = Z Z C,'dj(&,‘, O_Z_,>
i=1 j=1
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Ortonormalna baza

Veta

Nech V je euklidovsky vektorovy priestor a a1, ...,Q, je biza

priestoru V. Potom existuje ortonorméalna baza 51, ..., Bn priestoru
V.
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Y1 =01
Yo =02 + 1M1
Y3 =d3 + 3171 + 3272

'?n :O_Zn + Cnl’?l + Cn2:};2 +...+ Cn,n—li;n—l

[@1,.. . k] = [F1y-- k]
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V1 = Okq1 + Chy1,171 + Ch1.272 + - -+ Chtr1,k7k

[0717"'7(52/(-"-1] = [’71a" '7?/(-"-1]
0= (Yk+1, M) =(Ck41,M1) + ckr1,1(71, T1)
0 = (Vk+1,72) =(0k+1,72) + ckt12(72,72)
0 = (Y1, 93) =(Akt1,73) + ckt1,3(V3,73) (1)

0 = (Yit1, V) =(Tk1, k) + 1,6 (Vie> Vi)
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Ortonormalne vektory sa daji doplnit na ortonorméalnu bazu:

Tvrdenie

Ak V je konecnorozmerny euklidovsky vektorovy priestor a
ai,...,0k st ortonormalne vektory vo V. Potom existuje
ortonormélna baza obsahujiica tieto vektory, t.j. existuji vektory
Okt1,--.,0n také, Ze ay, ..., A, je ortonormalna baza priestoru V.
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V =1(1,0,1,0),(0,2,-1,1),(0,2, 1, 3)]
10 0 1 00 -1
02 -1 1]~--~{0 10 1
02 1 3 0 01 1

V= [(17 07 07 _l)a (07 17 Oa 1)7 (Oa Oa 17 1)]
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— —

Y1 =01 = (170)07 _1)' ;);2 = 0_22 + C"_);l

co _aa) -1 1
(71, 71) 22
- 1 1 1
V2 = (07 170) 1) + 5(170507 _1) = (2,1,0, 2)
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Y3 = Az + dy1 + Y

g (a3, M) 1

F1,7) 2
(A3, ¥2) _ 1
(Y2, 72) 3

. 1 1/1 1 1 1.1
73:(0,0,1,1)+2(1,0,0,—1)—< 10,>:<_ 1)

3\277777 2 37373

Gram-Schmidtov ortogonalizacny proces



Gram-Schmidtov ortogonalizacny proces Definicia

Gram-Schmidtov ortogonalizacny proces

N ’71 1
fr=—= =—(1,0,0,—1
71 \@( )
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moznost hladania ortogonalnej bazy

= [(1,0, o ~1),(0,1,0,1),(0,0,1,1)]
vL =[(1,-1,-1,1)]
H = dp = (1 0,0,-1)

1 0 0 -1 1 0 0 -1 100 -1
1 -1 -1 1 0 -1 -1 2 011 =2

72 - (1727 07 1)

1 0 0 -1 100 -1
1 -1 -1 1 |~---~(0 1 O0 1
1 2 0 1 0 01 -3

’73 — (17 _1) 35 1)
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Vlastnosti S+

Veta
Nech S je podpriestor koneénorozmerného euklidovského priestoru

V. Potom [ubovolny vektor 7 € V sa da jednoznacne vyjadrit ako
y=da+p,

kded €S afe st

Definicia

V situdcii z predoslej vety sa vektor & nazyva ortogonalna projekcia

vektora 4 na podpriestor S.
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Vlastnosti S+

Désledok

Nech S, T sii podpriestory konec¢norozmerného priestoru V. Potom:

(i) V=S@S+
(i) (SH)+=S
(iii) (SN T)t =St + Tt
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Priestor /5

V = 62 = {(Xn) € RN;ZX,% < +OO}

n=1

o)
<X7Y> = an)/n
n=1
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Priestor /5

S ={(xn) € £2; x, = 0 pre vietky n okrem konecného poctu}

S+ ={0}

SeSt=5+V,
($H) ={0}" =v.
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|lzomorfizmus euklidovskych vektorovych priestorov

Definicia

Nech (V1,g1) a (V2, g2) st euklidovské vektorové priestory. Potom
zobrazenie ¢: Vi — V5, je izomorfizmus euklidovskych vektorovych
priestorov (V1,g1) a (V2, g2), ak ¢ je bijektivne linedrne zobrazenie
(t.j. je to izomorfizmus vektorovych priestorov Vi a V5) a navyse
pre [ubovolné @, 3 € V4 plati

gl(&a g) = g2(90(62)7 QD(E))

Ak existuje izomorfizmus euklidovskych priestorov (V1,g1) a
(V2, &), tak hovorime, ze (Vi,g1) a (Va, g2) st izomorfné a
oznaujeme (Vi,g1) = (Va, g2).
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|lzomorfizmus euklidovskych vektorovych priestorov

Veta

Nech (V, g) je koneénorozmerny euklidovsky priestor, ktory ma

dimenziu dim(V) = n. Potom (V, g) je izomorfny s R" sii
Standardnym skalarnym sacinom.

(@) =(c1,...,¢cn)
a=cdl+ -+ chip
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