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Definicia
Ak mame k dispozicii prvky k réznych typov, pricom poc&ty prvkov
jednotlivych typov sl ny,..., n, a celkovy pocet je

n=ny+ny+---+ ng. O permutaciach s opakovanim hovorime, ak
sa pozerame na vietky mozné takéto usporiadania.

Multinomicky koeficient:

< n > n!
ny,np,..., Nk nl!ng!---nk!
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( n ) n!
ny,np,..., Nk n1!n2!---nk!

» Mame n! usporiadani pre n prvkov.
» Z nich skupiny velkosti ny!ny!--- n! predstavuji to isté
usporiadanie.
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( n n!
niy,np,..., Nk n1!n2!-~nk!

( n >_(n)(n—m)‘“(n—nl—...—nk2—nk1
ny, n2, ..., Nk m ny ng
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Chceme kapit n knih; vyberame spomedzi A, B, C. (Mézeme kuipit
aj viacero kusov tej istej knihy.)

Skusme n = 3; dost mala hodnota na to, aby sme vedeli vypisat
vetky moznosti.
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AAA
AAB
AAC
ABB
ABC
ACC
BBB
BBC
BCC
ccc
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AAA||
AA|B|
AA||C
A|BB|
AlB|C
Allcc
|BBB]|
|BB|C
IBC|C
|ccc

Vyber s opakovanim



Kombinacie a permutacie s opakovanim Permutacie s opakovanim
Kombinacie s opakovanim

Kombinacie s opakovanim

Tvrdenie
Pocet kombinacii s opakovanim k-tej triedy z n prvkov je rovny

(-0

<<n)> _(n+1) (b k—1) _ (n+1)F

k k! k!
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» Doékaz cez stars and bars;
» dbkaz matematickou indukciou.

K'(n, k) = K'(n—1,k) + K'(n, k — 1)

n+k—1 B n+k—2 i n+k—2
k—1 - k—1 k—2
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Pocet celociselnych rieseni x3 + - - -+ x, = n

Pocet rieseni

Tvrdenie
Pre dané k,n € Nq je pocet rieSeni rovnice

X1 +Xo+---+Xk=n

takych, ze x; € Z a x; > 0, je rovny

s RG]
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Pocet nezapornych rieseni

Priklad

Kol'ko je celociselnych rieSeni x; + x2 +x3 = 5 takych, ze x; 23 > 07

)->
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Pocet nezapornych rieseni

0+0+5|14+1+3|2+3+0
0+1+4|14+2+2|3+0+2
O0+24+3|1+3+13+1+1
0+3+2|1+44+03+0+2
0+4+412+0+3[4+0+1
0+54+0|2+14+24+1+0
1+0+4|2424+1|5+040
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Pocet kladnych rieseni

Priklad

Kol'ko je celociselnych rieseni rovnice
X1+ X2 + X3 + x4 = 12
tak)’/ch, Ze x5 > 1la X34 > 27
Substiticia: y1 =x1 — 1, yo=x0 — 1, y3 =x3 — 2, ys = x4 — 2;

teraz mame y; > 0.

(Xl—2)—|—(X2—2)—|—(X3—1)+(X4—1):6
vi+ty+tys+ys=056

Podl'a predoslého tvrdenia je takychto Stvoric presne (g)
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Pocet kladnych rieseni

Désledok

Pre dané k,n € Nq je pocet rieSeni rovnice
X1 +Xo+ -+ Xk =n

taky, ze x; € 7 a x; > 1 rovny presne

(io)
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Hokejkova identita

X1+xo+--+X=n

X1 +Xp 4 X1 =n—J

» Pre x, = 0 mame mame (”tfgz) riesent.
> Pre x, = 1 mame mame (”1553) riesent.
»

» Pre x4, = n mame mame (i:%) rieSeni.
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Hokejkova identita

X1+Xo+--+Xk=n

X1 +Xxp 4+t X1 =n—J

(=)

Jj=0
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Hokejkova identita

Po substiticii | =k —-2am=n+k —2;
m+1+1 /i
(") =2 ()
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