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Okruh F(x)/(h(x))

Veta

Nech F je pole a h(x) € F[x] je polyném nad polom F stupna

n > 1. Pre relaciu ekvivalencie , byt kongruentné modulo h(x)" na
mnozine polynémov F|[x]| oznacme triedy ekvivalencie ako

f(x) = {g(x) € FIx]: f(x) = g(x) (mod h(x))}.

Mnozinu tychto tried ekvivalencie oznacme ako F(x)/(h(x)).

Pre kazdé f(x) € F[x] existuje prave jeden polyném r(x) taky, ze
f(x) = r(x) (mod h(x)) a sicasne st f(x) < st h(x). (T.j. kazda
trieda je jednoznacne reprezentovana polynémom stupia mensieho
nez n.)
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Okruh F(x)/(h(x))

Veta
Predpisy

f(x) +&(x) = f(x) + &(x)
f(x)-g(x) = f(x) - &(x)
urcuji dobre definované binarne operacie na mnozine F(x)/(h(x))
a (F(x)/(h(x)),+,-) s tymito operdciami tvori komutativny okruh
s jednotkou. Tento okruh voldme faktorovy okruh F|[x] podla h(x).
Navyse plati, Ze triedy konstantnych polynémov, t.j. mnoZina
{€; c € F}, uréujii podokruh, ktory je izomorfny s polom F.

(1)
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Priklady

R[x]/(x* + 1) = C

Qlx]/(x* —2) = Q(v2)
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Priklad R(x)/(x? + 1)

R[x]/(x*> +1) = {ax + b;a, b € R}

ax+b+cx+d=(a+c)x+ (b+d)
ax+ b-cx+d = (ad + bc)x + (bd — ac)

(ax + b)(cx + d) = acx® + (ad + bc)x + bd
= ac(x* + 1) + (ad + bc)x + (bd — ac)
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Priklad R(x)/(x? + 1)

R[x]/(x* +1) = C

ax +b-cx+d = (ad + bc)x + (bd — ac)
(ai + b) - (ci + d) = (ad + bc)i + (bd — ac)
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Priklad Q[x]/(x? — 2)

Q[x]/(x* —2) = {ax + b;a,b € Q}

(ax + b)(cx 4 d) = acx® + (ab + cd)x + bd
2ac + (ab + cd)x + bd
= (ab+ cd)x + (bd + 2ac)

ax+ b-cx+d = (ab+ cd)x + (bd + 2ac)
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Priklad Q[x]/(x? — 2)

Qx]/(x* —2) = Q(v2)

(b+ av2)(d + cv/2) = (bd + 2ac) + (ab + cd)v/2
b+ ax-d+ cx = (bd + 2ac) + (ab + cd)x
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Ireducibilné polynémy

Ireducibilné polynémy

Definicia
Nekonstantny polyném p(x) € F[x] sa nazyva ireducibilny polyném
ak pre lubovolné f(x),g(x) € F[x] také, ze

f(x) - g(x) = p(x)

je niektory z polynémov f(x), g(x) konstantny polyném.
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Ireducibilné polynémy

Ireducibilné polynémy

X +1=(x2+V2x+1) (x> —V2x +1)
» Nad R st x? + v/2x + 1 ireducibilné.

» Nad C sa daja rozlozit.
» Nad Q je polyném x* + 1 ireducibilny.

Faktorovy okruh F[x]/(h(x))



Ireducibilné polynémy

Ireducibilné polynémy

Tvrdenie
Nech F je pole a f(x) € F[x] je polyném stupria 2 alebo 3.
Polyném f(x) je ireducibilny préve vtedy, ked nema korene.
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Ireducibilné polynémy

Ireducibilné polynémy

p(x) | g(x)h(x) = p(x) | g(x)Vp(x)|h(x) (2)
Tvrdenie

Nech p(x), f(x) € F[x] a p(x) je ireducibilny. Potom p(x) | f(x)
alebo gcd(p(x), f(x)) = 1.
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Kedy dostaneme pole

Pole F(x)/(p(x))

Veta

Nech F je pole a p(x) € F[x] je ireducibilny polyném nad F.
Potom okruh F[x]/(p(x)) je pole.

Navyse toto pole obsahuje podpole izomorfné s polom F,
konkrétne plati, Ze zobrazenie

p: F = F(x)/(p(x))
p:cr—=<C

Jje injektivny homomorfizmus.
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Kedy dostaneme pole

p(x) ma koren v F(x)/(p(x))

Tvrdenie

Nech F je pole a p(x) € F[x] je ireducibilny polyném nad F.
Ak L = F[x]/(p(x)) chdpeme ako nadpole pola F, tak u =X je
koreii polynému p(x) v tomto poli.
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Kedy dostaneme pole

p(x) ma koren v F(x)/(p(x))

Ak p(x) = apx™ 4 - -+ + a1x + ag, tak dostaneme

p(X) = apx" + -+ a1x + ag

=X+ +AX+ 5

:aan+"‘+31X+30
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Kedy dostaneme pole

Stvorprvkové pole

Zg[x]/(x2 +x+1)

» x2+ x + 1 neméa korene v Z,
» Je to teda ireducibilny polyném
> Zy/(x>+x+1) ={ax + b;a, b € Zy} je stvorprkové pole.
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Kedy dostaneme pole

Stvorprvkové pole

Zolx]/(x* + x +1) = {0,1,u,u+ 1}

+ ‘ 0 1 u u+1
0 0 1 u u+1
1 1 0 u+1 u
u u u+1 0 1
u+1l|ju+1 u 1 0
. 0 1 u u+1
0 0 0 0 0
1 0 1 u u+1
u 0 u u+1 1
u+1(0 u+1 1 u
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